Abstract. A computation has been made of the noncyclic class groups of imaginary quadratic fields Q(\J -D ) for even and odd discriminants -D from 0 to -25000000. Among the results are that 95% of the class groups are cyclic, and that -11203620 and -18397407 are the first discriminants of imaginary quadratic fields for which the class group has rank three in the 5-Sylow subgroup. The latter was known to be of rank three; this computation demonstrates that it is the first odd discriminant of 5-rank three or more.
1. Introduction. In [2] is described a computation of class numbers and class groups of imaginary quadratic fields Q(f -D) for even and odd discriminants -D from 0 to -4000000. This computation has been used in various contexts [1] , [3] , [4] , [7] . Due to interest in a new factoring technique which utilizes the nature and structure of imaginary quadratic class numbers and class groups [8] , a further computation and statistical analysis was made of these numbers and groups [5] . To further define the nature of class groups, we have rewritten the programs of [2] and computed all noncyclic class groups of imaginary quadratic fields Q(f-D)
for even and odd discriminants -D from 0 to -25000000. This computation and its results are summarized in this paper.
We have followed the convention of [2] with regard to the 2-Sylow subgroup. Since the rank of that subgroup is determined by the number of prime factors in the discriminant -D (theorem of Gauss) for the purposes of our computation, the 2-Sylow subgroup of a class group is called " noncyclic" if the 2-Sylow subgroup of the subgroup of squares in the class group is noncyclic.
All programming was done in C on a VAX 11/780** owned by the Computer Science Department, Louisiana State University, running 4.2BSD UNIX**. Some of the statistical summaries were obtained using S.
2. The Computation.
2.1. General Description. The basic computation is similar to that of [2] . Even and odd discriminants were dealt with separately. Separate computations were done for discriminants in ranges of integers in blocks of 200000, using one long array. (Thus, one such computation would be for odd discriminants between -600000 and -800000.) A first pass through the array removed integers which were not discriminants of quadratic fields by flagging integers with odd prime squares as factors or of the wrong congruence class modulo 4. Then, for each remaining discriminant, a triple loop counted the binary quadratic forms of that discriminant, obtaining the class number, the class number of the group of forms and of the field being identical for imaginary fields.
The class numbers having thus been computed, a list was made of discriminants with "possibly noncyclic" groups by removing from the existing list those discriminants whose class numbers were not divisible by the square of at least one odd prime (or, for the 2-Sylow subgroup, the discriminants with fewer than 4 genera or without a factor of 4 in the number of norms per genus). Each of the possibly noncyclic /»-Sylow subgroups of the remaining groups was then tested. The maximal order of any element in a class group being FPG/p, where FPG is the number of forms per genus for the discriminant, forms were generated "at random" and their FPG/pth powers computed. If any of these was not the identity, the group was known to be cyclic. If, in testing 15 "randomly generated" forms, only the identity was found for the FPG/pth powers, the group was determined to be "probably noncyclic" and the /7-Sylow subgroup explicitly computed. Data for groups determined to be noncyclic were written to a disk file, and statistics and summaries produced after the computation was completed.
The "random generation" of binary quadratic forms was this: A form (a, b, c) of discriminant -D exists if the congruence x2 = -D (mod4a) is solvable. For odd primes a, this is equivalent to having the Jacobi symbol [-D/a] equal to +1. Our program simply ran through the primes in sequence as possible first coefficients a and found and reduced the possible forms for the discriminant in question.
We mention that in this computation all "probably noncyclic" groups were completely determined. This was not the case in the previous computation [2] . In that computation, a " probably noncyclic" group with a />Sylow subgroup of order pk was declared to be noncyclic of the form C(p) X C(pk~1) if a form of order pk~l was found. Similarly, "probably noncyclic" /?-Sylow subgroups of order p2 and p3 were simply declared to be C(p) X C(p) and C(p) X C(p2), respectively. No differences were found between the results of the previous computation and the results of this one, however.
2.2. The Group Computation. The algorithm for computing class groups is derived from that of Shanks [10] , is essentially the same as that of [2] , and is given as Algorithm A below. The decomposition of an Abelian /7-Sylow subgroup (written multiplicatively) begins as follows.
a. Obtain a form, /,, of order a power of p. for some /', then a dependence exists between fx and f2. This is removed by
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use replacing f2 with and recomputing ord2, repeating the test for dependence in this step until we find we have independent elements. g. Having found two independent elements, if the /»-orders sum to the /»-power in the order of the group, we are, of course, done. If not, we find a third element, remove the dependence of this element on elements fx and f2, and continue until we have exhausted the /7-Sylow subgroup. We note that removing dependence requires comparing the third elements's penultimate /»-power against the penultimate powers of the first and second elements of the cross products of those powers.
For quadratic class groups, several facts were taken into account in implementing the algorithm. First, our previous computation showed that 95.74% of the class groups for discriminants from 0 to -4000000 were cyclic. Further, those noncyclic groups were in general "almost" cyclic, in the sense that the noncyclic /»-Sylow subgroups were usually C(p) X C(pk). Very few groups had rank three. Thus, we assumed that it would be normal for the groups to be easily computed and to be of rank two. Once the program established the fact that a group had rank three, therefore, it simply wrote this fact to the disk file, and went on to the next discriminant. In a very few cases, the entire decomposition had not at this point been found, and we performed a separate computation to finish the decomposition and " patch" the disk file of data on noncyclic groups. This happened for about 40 discriminants. No groups were found of rank larger than three for an odd prime Sylow subgroup. Although a detailed analysis was not undertaken, it is our general impression that this decomposition algorithm works well on quadratic class groups of this size.
3. Results. We present in Tables 1-4 a summary of the frequencies of occurrence of noncyclic /»-Sylow subgroups and the first occurrences of those groups. In Table 1 we include counts of both noncyclic class groups and noncyclic subgroups, although A-number of discriminants B-number of possibly noncyclic discriminants C-number of noncyclic class groups D-number of noncyclic subgroups E-100*C/B F-100*C/A A-prime p B-first even discriminant with noncyclic /»-Sylow subgroup C-decomposition of class group D-first odd discriminant with noncyclic /»-Sylow subgroup E-decomposition of class group only a very small fraction of class groups turned out to be noncyclic in more than one /»-Sylow subgroup. In Table 5 we list all the class groups found with a noncyclic /»-Sylow subgroup for p > 19. In Tables 6-8 we detail information about noncyclic groups with p3\h for p > 5.
The most unique groups found were those for discriminants -11203620, with class group C(10) X C(10) X C(10), and -18397407, with class group C(5) X C(10) X C(40). The latter was given in a list of rank-three groups by Schoof [9] , but the former is apparently new. One question which occasionally arises is that of which groups appear as class groups of quadratic fields. Although an exhaustive search did not seem worthwhile, we did consider the groups of odd order (which correspond to prime discriminants) of order less than 1000. Of these, the only groups of rank two which did not appear were C(/») X C(p) for /» = 11, 19, 29, and 31, and C(25) X C(25). The only groups of rank three which did occur were C(3) X C(3) X C(33), C(3) X C(3) X C(69), C(3) X C(3) X C(99), and C(3) X C(3) X C(105).
We present in Table 9 the groups for which the 2-Sylow subgroup (of the subgroup of squares) had order at least 512 and the first cyclic factor was of order at least 8. And finally, in Table 10 , we present all class groups which were noncyclic in two different /»-Sylow subgroups for odd primes /».
It is to be noted that the frequency of noncyclic 3-Sylow and 5-Sylow subgroups (1.14% and 0.18%, respectively, from Table 2 ) are not substantially different from the heuristically conjectured frequencies of Cohen and Lenstra [6] , which are 1.167% and 0.158%, respectively, for subgroups C(3) x C(3) and C(5) x C(5), to which must be added percentages of lower order for more complex subgroups.
Remark. In our computation, we called a class group " noncyclic" in the 2-Sylow subgroup if the 2-Sylow subgroup of the subgroup of squares was noncyclic. In all our tables, however, when groups are explicitly presented, the group that is presented is the full class group, not just the subgroup of squares.
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